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t ::= true

false

if t then t else t
0

succ t

pred t

iszero t
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v ::= true
| false
| nv

nv ::=0

| succ nv
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000000 if true then false else true U Bool OO OOOOOOOOOODO
O00OBoolOOOOOUOOOODOODODOODOUOODOOODOOONO falsedODOOfalse
OO0 BoolOUOUOUOODDOOOOO pred (succ (pred (succ 0))) IO NatODDOOOODO
O00o00ooooogovrNatOddoboooooooooooooooooognonooo
OO NatOQOQOGO

3 Uooooboono

gaoon
T ::= Bool | Nat

000000000 t00TO00000¢:TO000000000 (typing judgement O
000 typing assertion) 000000 :000000000000000OOOOO 70
000000000 (typing rule) 0000000000000 O0O0OOOOOO:000
000 (typing relation) 0 0 00O

t1:Bool t,:T t3:T
if t; then t, else t3: T

tq : Nat
pred t; : Nat (T-PRED)

(T-TRUE) (T-FALSE) (T-IF)

false : Bool

tq : Nat
succ t; : Nat (T-SUCC)

(T-ISZERO)

true : Bool
0 Nat (T-ZERO)

t, : Nat
iszero t4 : Bool

O0000000O small step semantics 100000000 - 00000000000
gobobooooobb.obbbuoooobbbooooboobo

b 1..0booooboooboo:gggorbbobbbooobuooobbooobbo
gooboooobbboobboooobbooon
00 1 (Inversion lemma).
1. true:RU 00 R=Bool
2. false:R0U U0 R=Bool
3. if t;y then ty else t3:R OO0 ty :Bool O ty,:RODO t3: R
4. 0:R0O 0O 0 R=Nat
5. succ t; : ROO O R=Nat O t, : Nat
6. pred t; : RO U O R=Nat U t;: Nat
7. iszero t4 : RO OO R=Bool O O t4 : Nat

gb. booggbbobooogbo [l
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000000000 00O0OO0O0O00OO0 (typing derivation) 00 000000000000
goodbobuogobbodgbboodudn if iszero O then O else pred O : Nat[l
gbobogoboboboooobn

~——— (T-ZERO) ~————— (T-ZERO)
0 : Nat 3 0 : Nat )
iszero 0 : Bool (T-ISZERO) 0 : Nat (T-ZERO) pred O : Nat g IPFP;ED)

if iszero O then O else pred O : Nat

godd 1. 000 if true then pred 0 else succ 0 : Nat OO UOOOOODOMO
oogd

U0 1. 0000t0boboobobboobobooobobooboboobobo
ooobboboboobobobobuoooboobuosboboboboobobobo
oboboobooboobd

ob.000t0ooooubgbgbobobobobobobobobobooo d

OO0 1. 0000subtypingD OO O00O0O00000000100 termO 200000
gbobbuooooolibbobuoooobbouooboobooon

gd 2. 000ou0uoobobbbbibiogogoooooooobooobboobn
teem t U0 TOOOOOODOODOOODODOO0OO0O0O0termtOO000000000000OO00O0O
gbooggbobobbgrtdbboobboobooobooobooooooooon
ooobobobbobobobobooobobUub0termUdDO000O0 term OO
gbooooaog

00 3.000000termO 0000000000000 00O00O000O0O00O0O if (iszero
0) then 0 else false O OOOOOOOO

-1
iszero 0 — true (E-ISZEROZERO)

if (iszero 0) then O else false — if true then O else false

(E-IF)

if true then 0 else false — 0 (E-IFTRUE)

gbogdgbobboobbuooobn

4 000000000

OO0O0000b0O0o0obDOoobDstuckOOODOODOODOODOODOOOODO
obobbooobbbooobobbooobbooobbboooobbooobboo
(soundness) 000000000 C 2000000000000

progress: U O DO UUO0ODODOO0O0OOOUOOODOOOI0OD0O000O0O0O000
preservatton: U OO0 O00D00O00 1000000000000000000O0
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gbo200000000b0000bobbooon
progress U U OO0 BoolUU NatUU D DUDOUOUOODODODOOOOOODOOOO

00 20000000 (canonical form)).
1. 00 vO BoolOODOOOOOvO trueld false O OO

2.00v0ONatOOODOODODOvOUOOOOoooooOoOoooooobboobobogo
gooo

nv =0 | succ nv

Ob0.00010000v0O BeolUDUOODOODOOODOvOOOD40000DO0ODOO
gbobo4000000000b

true,false, 0, succ nv

inversion lemmad 40 500000 succ nvOOOOOO0ONatOOOOOOOOOO
O0000Otrued falsed Bool OO OO OOOOOvO truel falseOD OO OO OOOO

Oo020000v0NatOOOOODOOOoodvoooo3ooooooooooa
oo30o0ooooooon

true, false,nv

inversion lemma 0 10 20 0 0trued falseO Bool OO OOOOOOOOOOOOOO
DDDDnvDNatDDDD(*)DDDDVDDDDDDD Il

(Y OOUOOOowONatOOOOOOODOO0OO0OOOO0O0Oooooooo

O0. owO0O0O0O0OO0OOOOOOO0O00O000O0O0O(T-ZERO)OOOD OO NatO OO
O00000nvO NatOOOO (nv : NatOOOODO)00OO00O0OOO(T-SUCC)ODOO
UO0000O succ nv @ NatUUOUODODDOOUOOODODOUOOOnvO NatOODOOO [

00 2 (Progress). t0000000000ODO0OOOODDOOOOTOOOOt @ TOO
O00000000opooot0DO0O0O000oooooooO0YoooDoDt—td0o0oo
goo

gb. 0bdd+ . TOOODDODOOOOO0OOO0O0bOOo0bD s - TUOOOODOOOO0
Oo0O00ooOoO0o0ooooooooo0ooboo0oOonboOoT-TRUE, T-FALSE, T-ZERO O
obobtooboooT-IFO0booboobobobobobobooboobooon
T-IFOOO: D0000000000Db00O0

ty:Bool to,:T t3:T
if t; then t, else t3: T

(T-IF)

oooo0oOoOoOoOoOo0oO0oO0O0OOO0O0U0DOwOOUooUUoUUoooooooosO00OOoo
ty —t,/00000000+,0000000000000020000¢t%,0 trueld false
O000t0000 EIFTRUEOOO E-IFFALSEOODOOODOOOOO0O00DOOOOO0
O¢,/0000¢t —-t/00000000EIFOO0DO0OO0Ot — if t) then t, else t3
gbooogao [l

o000 2.000000000000000T-SUCC, T-PRED, T-ISZEROOUOOODO
goo



