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Example The Fourier series f(x) = x2 on the range [−π, π] is

π2

3
+

∞∑
k=1

4

k2
(−1)k cos kx. (1)

Rewrite this series in the form of a linear combination of complex exponential
functions {eikx|k ∈ Z}.

Solution By the Euler’s formula

eiθ = cos θ + i sin θ (2)

the following equation holds.

e−iθ = ei(−θ)

= cos(−θ) + i sin(−θ)

= cos θ − i sin θ (3)

By adding the equations (2) and (3) we obtain the following equation.

eiθ + e−iθ = 2 cos θ

By subtracting the equation (3) from (2) we obtain the following equation.

eiθ − e−iθ = 2i sin θ

So we obtain the following equations.

cos θ =
eiθ + e−iθ

2
(4)

sin θ =
eiθ − e−iθ

2i

1



By substituting kx for θ in the equation (4) we obtain the following equation.

cos kx =
eikx + e−ikx

2

By setting cos kx =
eikx + e−ikx

2
in (1) we obtain the following series.

π2

3
+

∞∑
k=1

4

k2
(−1)k eikx + e−ikx

2

We rewrite this series as follows.

π2

3
+

∞∑
k=1

4

k2
(−1)k eikx + e−ikx

2

=
π2

3
+

∞∑
k=1

2

k2
(−1)k(eikx + e−ikx)

=
π2

3
+

∞∑
k=1

{
2

k2
(−1)keikx +

2

k2
(−1)ke−ikx

}
=

π2

3
+

∞∑
k=1

{
2

k2
(−1)keikx +

2

(−k)2
(−1)(−k)ei(−k)x

}
=

π2

3
+ lim

n→∞

n∑
k=1

{
2

k2
(−1)keikx +

2

(−k)2
(−1)(−k)ei(−k)x

}

=
π2

3
+ lim

n→∞

{
n∑

k=1

2

k2
(−1)keikx +

−1∑
k=−n

2

k2
(−1)keikx

}

= lim
n→∞

n∑
k=−n

cke
ikx

Here ck is defined as follows.

ck =


2

k2
(−1)k k > 0

π2

3
k = 0

2

k2
(−1)k k < 0

2



Note that lim
n→∞

n∑
k=−n

ak is usually written as
∞∑

k=−∞

ak. So the above ex-

pression lim
n→∞

n∑
k=−n

cke
ikx can be written as follows.

∞∑
k=−∞

cke
ikx
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