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This document is largely based on the reference book [1] with some parts
slightly changed.

1 Discrete Fourier Transform (DFT)

Let f(z) be a periodic function of period 27. Assume that f(z) is given only
in terms of values at the following N points on the range [0, 27]:
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= (1=0,1,...,N —1). (1)

We say that f(z) is being sampled at these points. We now would like to find
a linear combination of complex exponential functions {e**|0 < k < N — 1}
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that interpolates f(x) at the nodes (1).
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Let f; = f(x;). Then we would like to find the coefficients Fy, ..., Fy_1 such
that the following equation holds.
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We multiply the both sides of the equation (2) by e~™** and sum over [ from
0toN—1.
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Let r = ek=m)21/N  Thep

ei(kfm)Zﬂl/N _ (ei(kfm)27r/N)l _ 7al'

So the above sum is written as follows.
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When k = m, we have r = ¢® = 1, so the sum Z ! is calculated as follows.
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When k # m, we have r # 1, so the sum rl is calculated as follows.
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Note that
’r‘ =

N (ei(k—m)27r/N)N — pi(k—m)2m _

So we obtain the following equality.

So we obtain
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Since Z frem Mo = Ey Z r! we obtain
1=0 k=0  1=0
N-1
fie7ma = F N,
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By dividing by N we obtain

1 N—-1
F, = N ; fle—lmxl'

By writing k for m we obtain

1 N-1 1 N-1
B, =— Z flefik:pl _ Z flefiZWkl/N
N =0 N =0

k=0,...,N—1. (3)

The sequence Fy, ..., Fy_; is called the discrete Fourier transform of the

given signal fo,..., fyv_1.

Let w = e2™/N | Then the discrete Fourier transform is written in matrix

form as follows.

Fy w? W W0
F . WO w! w2
F — | W w2 w
. N .

Fy_y W0 - (N-D 2N-1)

w’ Jo
w71 J1
w—2(N—1) f2
—(N-1)(N-1) fno1



Note that the element of [-th row and k-th column in the matrix is

e—zkxl _ €—Z2Trkl/N _ w—lk.

By the formula (2), we obtain

N-1 N-1
fi=>" Bt =" Fe™ N (1=0,1,...,N 1), (4)
k=0 k=0
which gives the transformation from the sequence Fy,..., Fiy_1 to the se-
quence fo,..., fnv_1. It is called the inverse discrete Fourier transform.
The inverse discrete Fourier transform is written in matrix form as follows.
fo WwbWo W0 e WO Fy
# GO Wl W2 o WwN-1 £
Ja | oW w2 ol L W2(N-1) £y
Fy WO wN-1) 2N Ww(N=D(N-1) Fy_y

Note that the element of [-th row and k-th column in the matrix is

ezk:cl _ eszkl/N _ wlk‘

The inverse discrete Fourier transform of the discrete Fourier transform
of a given signal is the signal itself, since the following equation holds.
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We do not prove this equation. Refer to textbooks like [1]. Note that A~!
represents the inverse matrix of A.



Example: the case for N = 4.
Calculate the discrete Fourier transform of the following signal.
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Since N = 4, w = e2™/* = ¢™/2 = j and thus w™%* = i7'*. So the discrete
Fourier transform of f is calculated as follows.

WO Wt Wb WO 11 1 1 fi
WO wt w3 B 1 — =1 1 fa
WO w? wt wh ;o= 1 -1 1 -1 fs
WO w? w b W 1 i -1 —i fa

it fot fas+ fa
Ji—ifo—fstifs
fi—fo+fz—fa
fitifo—fs—ify

2 Fast Fourier Transform (FFT)

The discrete Fourier transform is just a multiplication of a matrix to the
given sequence of signal. Naively computing the matrix multiplication re-
quires O(N?) operations. However, the discrete Fourier transform can be
done by the fast Fourier transform (FFT), which needs only O(N log, N)
operations. FFT utilizes some specific properties of the matrices.

In computing the discrete Fourier transform and the inverse discrete

Fourier transform, it is essential to compute the sequence by, ...,by_1 from
any sequence dao, . . .,ay_1 as follows.
N-1
bkzz&lwkl kZO,...,N—l (5)
1=0
Let’s check this. In order to compute fo,..., fxv_1 from Fy, ..., Fnx_q follow-

ing (3), we set a;, = F}, in the equation (5) so that we obtain f; = b;.



As for the inverse discrete Fourier transformation, we rewrite the formula
(3) as follows.

RHS =

filw™hk (since @ = w™)

= LHS
_ 1 —
Then we set a@; = f; in (5) so that we obtain Fj = ka.
Now we consider the cases where N is a number that satisfies
N =2"

for some natural number n. In these cases we can efficiently compute the
discrete Fourier transform and the inverse discrete Fourier transform.
When N is an even number, the following equations hold.

W2 = 1 Ny N2 2 NS N
We show these equations. Since w = e*™/N | we obtain
(.UN/2 _ (627r1/N)N/2 — ™= 1
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and hence

WON/2R N2k ke
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In the following we write w = e by parameterizing N as follows.

Wy = 627”/]\/

Then the following equation holds when N is an even number.
w?\, = WNnN/2-
We show this as follows.

w]2v _ (62m'/N)2 — Ami/N _ 2w/ (N/2) _ W2

By defining

N-1
fl@) = ap +arx + agz® + - +ay 2" = Z !, (6)
1=0

the formula (5) can be written as follows.

So we obtain by, . .., by_; by computing f(1),..., f(wh ). Let us write this
computation as FFTy[f(z)].

FETn[f(2)] = {f (1), f(wn), F(Wi), .-, Flwy )}

where f(1), f(wy), f(W%), ..., f(wN ™) represent the values to compute. The
formula (6) can be rewritten as follows.

f(z) = ao+ aa® +agx + -+ ay_sx™ 2

+a(a; + azz® + asz* + -+ a2V ?)

= p(a?) +2q(2?)
Here p(z) and ¢(x) are defined as follows.

p(z) = ap + asx® + agx + - + ay_px™N*

q(r) = ay + azx® + aszr + - + ay_qzN/2 1
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Then FFT y[p(2?)] is as follows.

FFTn[p(z%)] = {p(1), p(w}), p(wr), - -, pwi )}

Here it is suffice to compute the first half of this sequence since the second
half is the same as the first half.

FFTy[p(z*)] = {p(1), p(wi), p(wi), - - -, p(wy )}
Since w3 = wyy2, we obtain

FETy[p(2?)] = {p(1), p(wny2), p(wija), - -- ,p(Wﬁﬁ_l)}

and hence
FFT x[p(z?)] = FET nj2[p(x)].

In the same way, we obtain
FFTylq(z*)] = FFTyolg(x)].

By using the result of FFTy/s[p(z)] and FFTy/0[q(x)], f(wh) for k =
0,1,2,..., N — 1 can be computed as follows.

fWi) = plwhy) +wiawhsy)  k=01,...,N/2—1
N/2+k
FN>™) = plwhy) —wha(why)  k=0,1,...,N/2—1

So the computation FFT[f(z)] can be decomposed into two computations
FFT y)o[p(z)] and FFT y/2[q(2)] and the computation (7). This gives the fast
Fourier transform.

A Some equations for complex numbers
Here we show some equations for complex numbers.

Theorem 1 For any zy, zo € C the following equation holds.

2129 = 21+ 22



Proof Let z; = a+ bi and 2z, = ¢ + di where a, b, ¢, d € R. Then

LHS = zZiz»
= (a+bi)(c+di)
= (ac—bd) + (ad + bc)i
= (ac—bd) — (ad + be)i

RHS = =z =
= (a+bi)-(c+di)
= (a—bi)(c—di)
= (ac—bd) — (ad + bc)i

Theorem 2 For any z1, 2o € C the following equation holds.
21+ 20=21+ 2o
Proof Let z; = a+ bi and 2z, = ¢ + di where a, b, ¢, d € R. Then

LHS = 21+ 2
= (a+bi+ (c+ di)
(a+c)+ (b+d)i
= (a+c¢)—(b+d)i

RHS = Z+%
= (a+bi)+ (c+d)i
= (a—bi)+ (c—di)
= (a+c¢)—(b+d)i
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